Abstract. The quaternionic Hopf surface, H λ , is associated with a noncompact moduli space, M λ , of stable holomorphic SLp2, Cq bundles. M λ is open in M c λ , the corresponding compact moduli space of holomorphic SLp2, Cq bundles, and naturally fibers over an open set of the quaternionic projective line HP 1 . We pull back to M λ natural locally conformal kaehler and hyperkaehler structures from M c λ , and lift natural sub-pseudoriemannian and optical structures from HP 1 . Unexpectedly, the holomorphic maps connecting these structures solve the the classical Dirac-Higgs equations of the unbroken Standard Model. These equations include: all observed fermionic and bosonic fields of all three generations with the correct color, weak isospin, and hypercharge values; a Higgs field coupling left and right fermion fields; and a pp-wave gravitational metric. We hypothesize that physics is essentially the geometry of M λ , both algebraic (quantum) and differential (classical). We further show that the Yang-Mills equations with fermionic currents also naturally emerge, along with an induced action on the M λ structure sheaf equivalent to the time-evolution operator of the associated quantum field theory.
Introduction
Braam and Hurtubise constructed the moduli spaces of stable holomorphic SLp2, Cq bundles on elliptic Hopf surfaces [6] . These moduli spaces are indexed by the second Chern class of the bundles c2, (c1 " 0, as the bundles have trivial determinant, since the structure group is SLp2, Cq.) The simplest of these moduli spaces has c2 " 1 (the c2 " 0 case is trivial).
For the "hyper-elliptic" quaternionic Hopf surface, H λ , defined by Hzt0u{λ n ; λ : q Ñ λq; λ P R ą 1, q P H we shall call the associated (c2 " 1) moduli space M λ . Both H λ and M λ are quite interesting mathematically. Firstly, H λ is nonKaehlerian and non-algebraic (as are all Hopf surfaces); in fact Hopf surfaces are the standard example of a non-Kaehlerian, non-algebraic manifold. Secondly, quaternionic Hopf surfaces are hypercomplex manifolds. (In fact, quaternionic Hopf surfaces are among the very few such hypercomplex four-manifolds [13] . Thirdly, H λ is also a group manifold, inheriting the non-abelian algebraic structure of the quaternions, just as elliptic curves inherit the abelian group structure of the complex numbers. In fact, quaternionic Hopf surfaces are in many ways the best quaternionic equivalent of elliptic curves. M λ is also extremely interesting mathematically. Like H λ , it is hypercomplex and hyperelliptic, but over an open set of CP 3 I . It also fibers naturally over an open set of HP 1 . It is usually called the space of "instantons" over H λ , since it is isomorphic to the moduli space of single instantons, i.e., anti-self-adjoint SU p2q connections. The literature on instantons is vast, especially since mathematicians began to apply them to problems in geometry in the late 1970s with great success (notably, Atiyah-Hitchin-Singer [2] and Donaldson [8] ). The theorem that expresses the isomorphism of stable SLp2, Cq holomorphic bundles with anti-selfadjoint SU p2q connections evolved during the 1980s [32] , but in its most general form it is often called the "Kobayashi-Hitchin Correspondance" [18] .
Verbitsky showed [34] that, in the case of such bundles over hypercomplex fourmanifolds, the anti-self-adjointness criterion is equivalent to hyperholomorphicity: the bundles are holomorphic for all complex structures on the base. (Verbitsky actually used hyperkaehler surfaces, but Widdows [37] showed that hypercomplexity is sufficient.) Thus, M λ is also the lowest-order non-trivial moduli space of hyperholomorphic H-line bundles. As such, it is kind of the quaternionic equivalent of the lowest moduli space of holomorphic C-line bundles over elliptic curves, that is, the Picard variety of the torus. Thus, M λ is a "generalized Jacobian" and should play a significant role in further explorations of quaternionic geometry. (We therefore employ "hyperholomorphic H-line bundle" basically as a suggestive synonym for stable holomorphic SLp2, Cq bundle.)
For the most part we will not discuss the mathematical interest in H λ and M λ , except for a few speculations in the final section. Instead, we will explore an unexpected connection between the geometry of M λ and the fundamental equations of physics. Two natural sets of structures on M λ , one pulled back from a natural compactification, the other lifted from the base of a natural fibration, are related by harmonic maps. We find that the classical unbroken Dirac-Higgs equations of the Standard Model, for all fermions of all generations and all gauge connections, and all known interaction charges (color, weak isospin, and hypercharge), are naturally isomorphic to the tension equation of these harmonic maps. In addition, a naturally induced sub-pseudoriemannian metric solves the Einstein equations for a plausible (unbroken fields) stress-energy tensor.
We therefore hypothesize that the Standard Model classical field theory is essentially the differential geometry of the moduli space M λ . We show that the associated Yang-Mills equations (with currents) emerge from the Weyl connections curvature properties, as does the equation for the Higgs field. We define a structure sheaf for M λ that captures both its hypercomplex and elliptic structure and show that the coupled equations induce a holomorphic flow on M λ and thus an action on this sheaf. We propose that this action on the structure sheaf is the propagator on the state space of the associated quantum field theory, which is thus the corresponding algebraic geometry of M λ .
In section 2, we will derive M λ , using the graph technique of Braam-Hurtubise, then define two sets of structures on M λ . First, we will define locally conformal kaehler (LCK) and locally conformal hyperkaehler (LCHK) structures on pulled back from M 1 , and a natural action by the I automorphism group SLp2, C I q. We will use this natural action to define several structures on the base manifold, in particular a Lorentzian metric that supports a non-zero parallel SLp2, C I q " Spinp1, 3q spinor field, and an optical structure. We will also define a natural distribution on M λ associated with this metric, and a natural lift of the Lorentzian structures and spinors to subpseudoriemannian structures on M λ . We also define natural holomorphic sections of M λ on the base.
In Section 3, we will show that these sections are also harmonic maps, meaning that they are critical points of a variation problem and solve Euler-Lagrange equations. In the harmonic map case, these define the tension equation, involving the Weyl connection of the LCK or LCHK structures. We will show, by tensoring parallel spinor fields, that the tension equation is equivalent to a Dirac equation. Then, we will investigate the irreducible holonomy representations of the Weyl connection on M λ , in preparation for reducing the Dirac equations to a more familiar form.
In Section 4 we will examine the induced equations on the holomorphic, antiholomorphic, and hyperholomorphic tangent bundles. We will find that under reduction to natural distributions, these equations reduce to Dirac-Higgs equations for both the LCK and LCHK cases.
In Section 5, we will take natural tensor products of these holomorphic and hyperholomorphic bundles, derive the Dirac-Higgs equations induced on them from the tension equation, and find that they are equivalent to the unbroken classical Dirac-Higgs equations of the Standard Model. We find an SU p3qSU p2qU p1q interaction gauge group with:
‚ the observed fermion pattern of SU p3q color triplets and anti-triplets (quarks, anti-quarks), SU p3q color singlets and anti-singlets (lepton, anti-leptons), SU p2q weak doublets and singlets, linked correctly to chirality; ‚ the observed pattern of U p1q hypercharges for all fermions, both left and right, including fractional ones for quarks; ‚ the observed three generations; and ‚ an appropriate Higgs field coupling left and right spinor fields. In Section 6 we will state our strong hypothesis, that physics is basically the geometry of the moduli space M λ . We propose that the differential geometry of M λ , defined by the structures and harmonic maps we investigated, is the classical theory of femionic and bosonic fields, i.e, the Standard Model unbroken classical field equations.
In this section, we also investigate several related topics in the differential geometric picture. First, we show that the Yang-Mills equations, with fermionic currents, emerge naturally when the curvature of the Weyl connection is evaluated on the sub-pseudoriemannian distribution. (Unexpectedly, the coupling constants of the Standard Model are replaced by an unbroken coupling field, analogous to the Higgs field, but derived from the Lorentzian metrics Levi-Civita connection form.) Second, we examine the Einstein equations solved by our Lorentzian metric. Third, we suggest that the Standard Model Higgs coupling and generation mass matrices are equivalent to our Higgs coupling structure.
Finally, we propose that the algebraic geometry of M λ is the quantum version of our classical field theory. It is defined by the sheaf equations that correspond to the Dirac-Higgs equations. The sheaf equations describe a class of parallel holomorphic maps that collectively define a holomorphic flow on M λ and induce sheaf homomorphisms on the structure sheaf. The new concept needed by QFT is a metric on sheaf sections, the vacuum expection value.
In Section 7, we will outline a number of topics for future research and allow ourselves some speculation.
Structures on M λ
We will now derive M λ , the moduli space of stable SLp2, Cq holomorphic bundles over the hyperelliptic Hopf surface, H λ . Then we shall define two sets of structures on M λ : structures pulled back from M c λ , a compact moduli space that contains M λ as an open set; and structures lifted from an open set of HP 1 , the quaternionic projective line, over which M λ is naturally fibered.
2.1. LCK and LCHK Structures on M λ . Let us define the hyper-elliptic quaternionic Hopf surface, H λ , as tHzt0u{λ n ; λ : q Ñ λq; λ P R ą 1, q P Hu with hyper-elliptic meaning only that it is obviously an elliptic surface in all complex structures.
There are two natural quaternionic structures induced on X P T x Hzt0u -H by left and right multiplication by ti, j, ku:
I´X :" iX,J´X :" jX,K´X :" kX I`X :"´Xi,J`X :"´Xj,K`X :"´Xk
We will refer to these as the negative and positive quaternionic structures. Both are integrable for all I " aĪ`bJ`cK; a 2`b2`c2 " 1, thus Hzt0uhas two hypercomplex structures. Under the λ : q Ñ λq homotheties,both hypercomplex structures are preserved, so they descend to H λ . Thus H λ is a hypercomplex manifold with two hypercomplex structures. Notation 1. Since the effect on real vectors X of a change from negative to positive structures is simply to change I Ñ´I, @I, we shall refer toĪ´asĪ, andĪà s´Ī, bearing in mind that for the positive operators the multiplication rule is p´Jqp´Iq " p´Kq.
Each complex structure I " aĪ`bJ`cK on T Hzt0u also reduces to T H λ under the λ homotheties, and each one induces an isomorphism between H λ and a conventionally defined complex Hopf surface:
Thus, for each I, there is a holomorphic elliptic fibration
with fiber isomorphic to the elliptic curve
Therefore, for each complex structure I, H λ is elliptic. Braam and Hurtubise [6] , followed by Lubke and Teleman [18] constructed the moduli space of stable holomorphic SLp2, Cq bundles on an arbitrary elliptic Hopf surface as an open set of the moduli space, M c λ , of all (both stable and unstable) holomorphic SLp2, Cq bundles. In the case c2 " 1, the compact moduli space, M c λ , is especially straightforward: it is a manifold with a natural complex structure and locally conformal kaehler (LCK) metric. Thus, in our c2 " 1 case this construction leads to an open embedding of M λ into M c λ and will let us pull back the LCK structure to the tangent bundle of M λ . Since our particular Hopf surface, H λ , is actually hypercomplex, we can also construct a hypercomplex structure on M c λ , and with it a naturally defined locally conformal hyperkaehler (LCHK) metric, and pull them also back to M λ . Both metrics are homogeneous on M c λ , but under different groups, and both have associated standard connections. We shall keep track of both structures for the moment because they lead to different natural fibrations of M λ , one coming from the LCHK structure, and one coming from a choice of a particular complex structure and associated LCK metric.
2.1.1. The Graph Technique for Constructing M λ . Here is a brief sketch of the graph technique Braam and Hurtubise used to construct the moduli space of all stable holomorphic SLp2, Cq bundles on H λ . After specifying a complex structure, I, their technique starts with the elliptic (holomorphic) fibration of H λ as
with fiber the elliptic curve T λI " C I zt0u{λ
n . Then they reduce each bundle to a family of holomorphic bundles over the curve, and then employ the Atiyah classification [1] of all holomorphic SLp2, Cq vector bundles on elliptic curves using P icpT λI q, the Picard group of the torus, which classifies all holomorphic line bundles on T λI . The result is to canonically associate with each holomorphic SLp2, Cq bundle E on H λ a divisor (called a graph) in the product space PˆCP 1 I , where P " P ic 0 pT λI q{xi 0 y. (P ic 0 pT λI q is the c1 " 0 component of P icpT λI q, and xi 0 y is the involution L Ñ L´1 for all L P P ic 0 pT λI q.) Since P -CP 1 I , the graph of E is a divisor in CP where n " c2pEq. We are concerned with the c2 " 1 case, so the set of graphs for the bundles in our M Similarly, right multiplication on H λ induces an action on the fibers of the positive Swann bundle (itself derived from the compactification of the right spinor bundle).
Next, let us consider pH λ , Iq as a complex manifold, where I is the complex structure on T H λ induced by (left multiplication by) an imaginary unit quaternion of H. The automorphism group of pH λ , Iq (that is, the group that preserves I) is equal to GLp2, C I q{λ n [6] . It induces a similar GLp2, C I q{λ n action on M λ that preserves the H λ fibers of the Swann bundle and one of their complex structures, namely I. This group acts in a familiar way on each fiber, as T λI SLp2, C I q, where T λI is just the torus group in the toric fibration over CP I fibers are projectivizations of the left and right spinor representations of SLp2, C I q. We shall see that they also correspond to the negative and positive Swann fibrations, and thus to left and right quaternionic multiplication. (The isomorphism Spp1q´-SU p2q I ãÑ SLp2, C I q, induced by a selection of the complex structure I, leads to the identification of the negative quaternionic twistor bundle, with the projectivization of the left SLp2, C I q spinor bundle. A similar isomorphism, Spp1q`-SU p2q´I ãÑ SLp2, C´Iq identifies the positive twistor and projectivized right spinor fibrations. o defines a Levi-Civita connection, ∇ LC g , whose associated spin connection, ∇ sp g , acts on sections of the spinor bundle, $. It also acts on chiral (half-spinor) sections of the spinor bundle, $ " $ L`$R , that is, those that fall entirely within $ L or $ R . We have chosen $ L to be the (non-compact) negative spinor bundle, $´, i.e., the tautological bundle of HP determined by the projective fibration H 2 zt0u Ñ HP 1 , which means it covers M λ . So far, so good; but can we construct SLp2, C I q metrics g canonically? In fact, from the geometry of Lorentzian manifolds we know that we can define a canonical class of Lorentzian metrics on HP 1 o that uniquely determine an associated spinor field and vector field. Locally, as we shall see in the next subsection, these metrics also determine an optical structure on HP 1 o and a class of local holomorphic maps to M λ . Using these structures and maps, we can link the g metrics to pM λ , bq in a very different way than is provided by the usual construction of q.
Let us require that the metric g support a non-zero, parallel parallel Dirac spinor, ψ g P $zt0u, of the Clifford algebra of the metric. These metrics have been studied extensively, and are known as Brinkmann metrics or pp-wave metrics, see [7] . Canonically associated to the parallel spinor is a parallel non-zero null vector field called the Dirac current:
g ye µ where x, y is an induced scalar product on $,¨is the Clifford multiplication, and e µ are the frame vectors. The Dirac current field is Killing and integrates to a null directed flow.
The parallel spinor fields are chiral, that is, sections of either $ L or $ R . Sections of both chiralities exist for any such metric, each represented by a half-spinor field; and, most importantly, the spinor field is unique up to a constant. Let us call the unique parallel non-zero left spinor field ψ L g and the unique parallel non-zero right spinor field ψ R g . (In the p3, 1q signature, these fields can be represented by identical CI 2 sections, that is, pure SU p2q spinor fields, [19] .) The spinor fields and the Dirac current are canonically associated to the metric by the parallelism condition: [16] , [17] , and [20] , for more discussion of optical structures associated with Lorentzian manifolds via the Lorentzian twistor fibration.) Sinceψ (This is equivalent to the statement that pr, I φ q is kaehler in the hermitian case.) The riemannian requirement that q be anti-self-dual in the integrable case is replaced by a requirement that g be conformally flat [20] . So we shall require that our metric support non-zero parallel spinors and be conformally flat. (Pp-wave metrics meet that requirement.) 2.2.3. Local Holomorphic Sections. Since ψ L g is non-zero, it also defines a section ψǵ λ of M λ itself, considered as the negative Swann bundle, covered by $´" $ L .
The differential dψǵ λ sends T HP L which preserves the spinor inner product. The distribution of M λ created by |ψǵ λ |, we will call E.
Lift the pseudoriemannian structure g to the distribution E. (By definition, E z at any point z P M λ is isomorphic to the tangent space at π´pzq of HP 1 o under the differential of the negative Swann fibration dπ´.) If g were positive definite, this structure on M λ would be called sub-riemannian, but in our case it is sub-pseudoriemannian. With this structure we can construct a lifted Levi-Civita (sub)-connection, which we will also call ∇ LC g and a lifted spin (sub)-connection ∇ sp g , which will operate on lifted (sub)-spinors. See [19] for a description of subriemannian geometry (also called Carnot-Catheodory geometry).
By the definition of the twistor construction of the optical structure on HP 1 o , and since g is conformally flat, the differential, dψǵ λ , of each ψǵ λ in the class, also sends O ψ on HP 1 o into a lifted optical structure of the image leaf of E, which is just the complex structure I on M λ . Thus, I˝dψǵ λ " dP L˝O ψ , which is the definition of a holomorphic map from an optical manifold to a complex manifold [17] . Thus, ψǵ λ is a holomorphic map HP
Harmonic Maps and Dirac Equations
Since ψǵ λ is holomorphic and, since pHP 1 o , g, O ψ q is the Lorentzian equivalent of kaehler and pM λ , b, Iq is LCK, ψǵ λ is also harmonic [9] . Harmonic maps are often called "non-linear sigma models" in the physics literature. Needless to say, both the mathematical literature on harmonic maps, initially notably by Eells and his collaborators (e.g., [10] ), and the physics literature on non-linear sigma models, e.g, [14] , is vast. Our harmonic maps ψǵ λ are non-linear sigma models from a 4-dimensional Lorentzian manifold to an 8-dimensional non-compact moduli space with both LCK and LCHK structures.
We have defined two manifolds, pHP 1 o , g, O ψ q and pM λ ; b, I; h,Ī,J,Kq and harmonic maps between them. We will now use this setup to derive the first of three important sets of equations of the classical (unbroken) Standard Model of physics: the Dirac-Higgs equations for fermions. The Yang-Mills equations, with currents along with the equations for the Higgs field, and the Einstein equations will be deferred until later sections.
The whole process begins with the definition of a harmonic map by the EulerLagrange equations associated with the critical points the integral of the map density, in the same way that the classical Standard Model equations are the EulerLagrange equations for the critical points of the integral of the Lagrangian density. Unlike the conventional formulation of the Lagrangian density, however, the usual expression of the energy density of the map is quite terse, with most of the information in the structures on the manifolds, such as the metrics. So while in physics it is usually sufficient to describe the Lagrangian, which can be incredibly elaborate (see [29] for the current best description of the Standard Model Lagrangian), in our theory it will be necessary to work out the equations in detail to show their equivalence to the physical ones.
Tension Equation of
Harmonic Maps. Harmonic maps f : pM, gq Ñ pN, hq are smooth maps at the critical points in the map's "energy" functional:
where the norm involves the both metrics g and h, and epf q is usually called the "energy density" in the mathematics literature. (The term "energy" annoys physicists, since it means something a little different in physics. Their preferred terms are "action" for the integral, and "Lagrangian density" for epf q.) The Euler-Lagrange equations of this variation problem define the harmonic maps as those with vanishing tension field: τ pf q :" tr g p∇ LC h df q " 0 where the Levi-Civita connection of the target manifold is used, and the trace is taken using the metric of the source manifold [10] . We shall define the trace shortly.
Harmonic maps that arise from holomorphic maps into kaehler manifold targets (such as is the case for our spinor section ψ is the ordinary Levi-Civita connection of the metric b, which does not preserve the complex structure I although it does of course preserve the metric b o or lift dψǵ λ and g to the target. Normally, the approach for arbitrary harmonic maps between manifolds is to use pullbacks. Since our maps are sections of bundles with distributions E, we are able to pursue lifts. Lifting the form is fairly straightforward. On any X " dψǵ λ peq in a leaf of E (for some e P ΓpT HP 1 q), the lift, h˚dψǵ λ , acts simply as the identity: ph˚dψǵ λ qpXq " IdpXq " X " dψǵ λ peq.
But for this to work we need to have an image of e under dψǵ λ in each leaf of the distribution.
Our equivalence class, |ψǵ λ |, of holomorphic sections, with their differentials targeting each leaf of the distribution E, 2.2.1, provides that image. We will then read the tension equation as taking the trace of ∇ w b dψǵ λ over all elements of the equivalence class |dψǵ λ |, with the trace taken using the lifted metric on each leaf of E. We will therefore read that equation as the evaluation of an M λ two-form on the symmetric two-vector g˚on M λ , which is defined as the cometric in the sub-pseudoriemannian structure [19] . Thus, our tension equation links the LCK structure on M λ with the sub-pseudoriemannian structure. On M λ it has the form ∇ [33] . At each point of HP 1 o this algebra is generated by a timelike basis vector s 0 and three orthonormal space-like basis vectors ts j , j " 1, 2, 3u. This algebra is isomorphic to the matrix algebra of 2ˆ2 Hermitian matrices, with the (symmetric) algebra product defined as
One convenient representation of the basis is Moving from the basis vectors of the tangent space at a single point to the frame fields e µ of T HP 1 o , using Jordan multiplication of vectors by vectors we can write the frame fields as
where¨represents Jordan multiplication, and e 0 is the unit timelike vector field. The lifted versions of these frame fields, X µ :" dψǵ λ pe µ q, can also be Jordan multiplied by lifted vector fields. and a section that is the tensor product of the lifted frame fields with the lifted parallel spinor field
We can also apply Jordan multiplication within the tensor product, since it it is over the Jordan algebra:
g is the "inverted" ψ g field, that is, the ψ ). In the chiral representation
The Tension Equation as Dirac Equation.
Since the spinor field ψ g is ∇ LC gparallel, we can write our tension equation as
Clearly,
So, after expanding, the two terms in the tension equation involving ∇ 
Notation 3. To avoid carrying the tilde marker so much, we will use the Dirac equation form with ψ g instead of Ă ψ g . Also, since ψ g (and Ă ψ g ) are ∇ sp g parallel, we will drop the g subscript and the s superscript from the connections ∇ If we had started with the LCHK manifold pM λ , h,Ī,J,Kq as the target, but selected the same complex structure I in the two-sphere of complex structures
on M λ in the definition of our holomorphic maps, we would arrive at a similar equation, but using the Weyl connection for h:
To summarize: for harmonic maps
o , gq Ñ pM λ , hq the lifted tension equations for the LCK and LCHK cases are:
where X µ " dψǵ λ pe u q. The equivalent Dirac equations for LCK and LCHK vectorvalued spinor fields are
Finally, since our parallel spinor are chiral, that is, entirely in $ L , or $ R , it is sometimes convenient to write pairs of equations left or right parallel spinor fields, ψ L g and ψ R g . In the chiral representation of the γ µ frame fields,
t a point x, the Jordan multiplication by frame fields are different on the left and right Weyl spinors:
So the independent left and right spinor field "Dirac-Weyl" equations are:
From time to time in the rest of the paper we will perform this process of taking a form of the tension equation and writing it as an equivalent Dirac equation, after tensoring a vector field with a lifted parallel spinor field.
The next few sections will deal with reducing these equations to a more transparent form on various distributions tied to the holonomy reduction of the Weyl connection component of our Dirac equations (the component acting on the vector field).
Holonomy Representations of the Weyl Connection.
In this section we will show that the Weyl connection holonomy representation reduces on T M λ , both in the LCK case and in the LCHK case. In the LCK case we have an SU p3q complex triplet and an SU p3q trivial complex singlet, while in the LCHK case we have an Spp1q non-trivial quaternionic singlet and an Spp1q trivial quaternionic singlet.
We know that the pb, Iq and ph,Ī,J,K, q structures on T M λ are LCK and LCHK, respectively, and have Weyl connections with holonomy equal to the holonomy of the Levi-Civita connections of the kaehler and hyperkaehler metrics of covering spaces [24] . Since the holonomy group of the Levi-Civita connection of a symmetric space is just the isotropy group, to find holonomy we will first look at the homogeneity properties of the complex and hypercomplex structures and the metrics on the kaehler covering spaces C 4 I zt0u and H 2 zt0u. The homogeneity properties of C 4 I zt0u are well known; we will follow Joyce's discussion [12] of homogeneous hypercomplex structures.
3.3.1. LCK Weyl Holonomy Reduction. pC 4 I zt0u, e, Iq is clearly orientable, and, after selecting an orientation, the isometry group of the kaehler metric is SU p4q I , with isotropy group SU p3q I . Consquently, the LCK metric Weyl connection's holonomy group for M c λ is also SU p3q I . The isotropy representation of the group SU p3q I on the (real) tangent space is reducible to
Thus, this is also the Weyl connection's holonomy reduction. (We are using the notation V 1 to refer to the complex defining representation of the group (SU p3q in this case), V 0 to refer to the trivial representation, and the complex structure on T M c λ to create an isomorphism between T pM c λ and C 4 .) At each point of M λ , V 1 and V 0 coincide with the distributions
where T is mapped by the graph map onto T CP 3
Io , and b is kaehler on it. V is the vertical distribution alone the graph map fibers. This holonomy reduction suggests that our LCK equations will take on a more transparent form when reduced to the distributions T and V .
LCHK Weyl Holonomy Reduction.
As with the LCK case, the holonomy group of pM c λ , h,Ī,J,Kq is defined by the isotropy subgroup of the isometery group of the hyperkaehler covering space pH 2 zt0u, e,Ī,J,Kq. The isometry group of the latter is Spp2q, and thus the holonomy group is the Spp1q iso isotropy group.
Like the distributions T and V , associate with the toric fibration, that we used in the previous subsection, in the LCHK case, we can define distributions associated with the (negative) Swann fibration
where D is mapped by the Swann fibration onto T HP 1 o , and S is vertical to the fibers of the negative Swann fibration.
The isotropy group, Spp1q iso , acts trivially on the vertical distribution S, and via the Spp1q defining representation V 1 on D, so the holonomy reduction is
where the hypercomplex structure pĪ,J,Kq has been used to create an isomorphism T pM λ -H 2 . Again, this holonomy reduction suggests that our LCHK equations will take on a more transparent form when reduced to D and S.
Equations for Positive Sections.
We defined the maps ψǵ λ using the nonzero parallel left spinors ψ L g , sections of $ L , which are also sections of $´, the negative Swann fibration of the hyperkaehler cover, H 2 zt0u, of M λ . We can also define similar maps ψg λ from non-zero parallel right spinors ψ R g , derived from sections of the positive Swann fibration $`. These maps are also holomorphic (as we shall see), and thus harmonic, and solve the tension equation. We will show that the associated right and left Dirac equations are equivalent to the equations in physics that govern anti-fermion fields.
The new maps fields differ from the old ones in several ways. Since ψg λ is a section of the positive Swann fibration, this also means that the hypercomplex structure is the positive one, derived from right quaternionic multiplication on the fiber. This means that every complex structure is replaced by its negation, and composition of complex structure operators follows a different rule:
I Ñ´Ī,J Ñ´J,K Ñ´K; I Ñ´I; p´Jqp´Īq "´K However, we know that´Ī is also an element of S 2 :" aĪ`bJ`cK; a 2`b2`c2 " 1, so each negated complex structure is still part of the hypercomplex structure.
Changing $´Ñ $`also changes the P p$´q twistor space to the P p$`q twistor space, and thus there is a parallel switch in the definition of the optical structure O ψ , from a section of Pp$´q into a section of Pp$`q, so O ψ Ñ´O ψ . Our maps ψg λ remain holomorphic however, since I P S 2 changes as well to´I.
3.4.1. Positive Sections and LCK holonomy. In addition, changing Spp1q´to Spp1qc hanges the holonomy representations of both the LCK and LCHK Weyl connections. In the LCK case, changing the Swann fibration has an interesting effect on SU p3q holonomy representations. The holonomy representation of the connection preserves the isomorphism T x M λ -C 4 I induced by the complex structure. So changing the complex structure to´I changes the representation to the complexconjugate defining representation:
The resulting distributions are conjugate to T and V , when I is used to define the map of T M λ -C 4 , but on the real tangent bundle, they define the same distributions:
When we discuss the holomophic tangent bundle and holonomy representations there, we will find that the conjugate distributions are in the anti-holomorphic bundle.
3.4.2. Positive Sections and LCHK Holonomy. In the LCHK case, changing from negative to positive vibrations has even less effect. If we define new distributions, D`and S`, we will find that they too are equal to the original D andS on the real tangent bundle:
But, because for Spp1q -SU p2q, the complex conjugate defining representation and the defining representation are not distinct, these two fibrations support the same holonomy representations: HpV 1 q`HpV 0 q. So for both fibrations, the holonomy of the LCHK Weyl connection has V 1 holonomy on D and trivial holonomy on S. In the LCHK case, there are really only two types of Spp1q holonomy representations involved: V 1 and V 0 , whereas in the LCK SU p3q case, there are four: V 1 , V1 , V 0 , V0 . Later, in section 5, when we tensor LCK and LCHK isotropy representations together, we will find that there are only eight distinct types of tensor products, corresponding to quark doublets, quark singlets, anti-quark doublets, anti-quark singlets, lepton doublets, lepton singlets, anti-lepton doublets, and anti-lepton singlets.
3.4.3. Positive Sections and Spinor Fields. There is, however, one additional effect of changing from positive to negative fibration, and that is on the parallel spinor field ψ g . Since the change $´Ñ $`is the same as $ L Ñ $ R , this change also
In the LCK case, this leads to the negative and positive tensor products:
and the change from negative to positive sections, sends each component of the negative tensor product into the complementary one in the positive. Notice that all eight components are distinct. The LCHK case is more interesting. Since both negative and positive holonomy representations are the same, pV 1`V0 q, there are only four distinct components in the tensor product:
and switching from negative to positive sections doesn't change the total tensor product, although it does permute the components. So our Dirac equations in the LCK and LCHK cases for the positive maps ψg λ are
where X 0 is the image of the time-like frame vector field under the map dψg λ , which is the same as the image under dψǵ λ , since the chiral parallel spinor fields have the same representation as C 2 I sections. ∇ w b refers to the Weyl connection whose holonomy group, SU p3q, uses the complex-conjugate representation on pT M λ , b, Iq. We also introduce Ă ψ g to indicate that the spinor field changes when the map is positive. This will be especially important in section 5.2.
Dirac-Higgs Equations on Complexified and Quaternified Tangent Bundles
Starting from the tension equation for (positive and negative) harmonic maps, we have derived Dirac equations, and Dirac-Weyl equations on the real tangent bundle of M λ , in both the LCK and LCHK cases, for both positive and negative sections. We will now extend our analysis to holomorphic and anti-holomorphic bundles, in the LCK case, and to the "hyperholomorphic" tangent bundle in the LCHK case. I , using the map 1´iI, which is preserved by the Weyl connection, and replay the construction in subsection 3.2. In the LCK case, the resulting Dirac equation on the holomorphic tangent bundle is
where γ µ is still the lifted Clifford generator operating by Clifford multiplication of Dirac spinors, but the (tangent) Jordan bundle is now complexified. Now Z µ is the canonical projection of X µ onto the holomorphic tangent bundle, i.e., Z µ " X µ´i IX µ . The equation for positive sections naturally maps to the anti-holomorphic bundle, T 0,1 I , since, as we saw in the previous section, right spinor fields as defined lead to a change in the definition of I to´I. Thus, the map 1´iI changes to 1´ip´Iq " 1`iI and Z P T 
Notice that since
I , where we use E for the distribution of the holomorphic tangent bundle. Similarly,Z µ PĒ :" p1`iIqE Ă T [37] , supervised by Joyce, contains probably the best explication of the issues. The basic problem is that, while complexified bundles naturally split into two equal-dimensional bundles, each with the same real dimension as the original tangent space, quaternified tangent bundles split into two bundles, one of which has three times the number of dimensions as the other. Widdows calls these bundles A and B. (Actually, he calls the cotangent equivalent A and B.) At each point x, A x and B x are quaternionic vector spaces defined as follows:
We can also define complementary spacesĀ x andB x that also sum to H b R T M λ , but represent a different split into subbundles:
where in both case T
1,0
Jx and T
0,1
Jx are subspaces of Hb R T x defined by the embedding
Clearly JT A splits naturally into the sum of three two-quaternionic-dimensional bundles, AĪ , AJ , AK , where at each point the subspaces can be defined by the mappings
αĪ :" 1´īĪ, αJ :" 1´jJ, αK :" 1´kK αĪ :" 1`īĪ,ᾱJ :" 1`jJ,ᾱK :" 1`kK and in general α J " p1´jJq,ᾱ J " p1`jJq j " aī`bj`ck J " aĪ`bJ`cK As was discussed in section 3.4, in the LCHK case, the positive and negative sections of M λ lead to the same X µ vectors, and the positive complex structures are in the same S 2 as the negative complex structures, but with different sign. Thus the equivalent of the maps 1´iI; 1`iI, which send X µ Ñ Z µ ;Z µ is, in the LCHK case, the two triplet of maps, α n ;ᾱ n :
So the hypercomplex form of our negative equations is actually a triplet of equations, one for each A n , all with the same structure. The connection ∇ w h preserves the A n bundles, since it preserves the hypercomplex structureĪ,J,K. Thus, in the LCHK case, the Dirac equation for negative sections is:
0K u P A n . In the LCK holomorphic case, switching from $´to $`led us to exchange I for´I, and thus to require equations for the holomorphic and anti-holomorphic bundles. In the LCHK case, this leads us to switch α n Ñᾱ n , and thus A n ÑĀ n . So, when we apply our maps in the positive case we have the following triplet of Dirac equations for the positive sections:
Notice that the connection, ∇ w h does not change. This is consistent with the fact that the holonomy representation of ∇ w h is exactly the same in the positive and negative cases. and A are unsatisfactory as they sit, because neither Weyl connection preserves the associated metric, b or h, so the holonomy representations are not unitary. To compare our equations with physics, we would like to find connections that both preserve the holomorphic structure and the metric. In other words, we would like to find hermitian connections (see, [11] , for example).
We will examine the LCK case first. Our Dirac LCK equations for negative and positive sections are
First, we will expand the Weyl connection in terms of the Levi-Civita connection (which preserves the metric), and then attempt to reduce the equations to distributions on which the induced metric is kaehler, and thus on which the Levi-Civita connection also preserves the complex structure.
4.3.1. Expanding the Weyl Connection. Limiting ourself initially to negative sections, and thus to the holomorphic bundle, and using the definition of the Weyl connection from section 3, we get
Let us examine the last term carefully. The Clifford generator, γ µ¨i s acting by multiplication on the spinor component ψ g , but since the tensor product is defined over the Jordan algebra, we can re-write this term as
Notice, we have expanded ψ g " γ
0¨Ă
ψ g , then moved the bivector γ µ¨γ0 across the tensor product to become σ µ , multiplying vectors. Since Z µ " Z 0¨σµ and ř µ σ µ¨σµ " 2, we are left with the final expression. The other term involving the Lee form,´1 2 θ Z µ is equivalent to´1 2 iIθ Z µ , where iIθ is the U p1q lifted connection of the canonical bundle K on CP
3
Io that we introduced in section 2.1.2.
We can perform the same expansion for positive sections and the anti-holomorphic bundle, at which point our Dirac equations for positive and negative sections now have the form:
Notice that since b is not kaehler, the Levi-Civita connections do not preserve the T
1,0
I and T
0,1
I bundles inside the complexified tangent bundle (although the Weyl connection it is associated with does). We will remedy this problem in the next subsection.
4.3.2.
Reducing Connections to a Kaehler Distribution. We will employ the holomorphic and anti-holomorphic distributions of T 1,0
to reduce our Dirac equations into derived equations operating independently on the distributions, based on connections that do preserve the holomorphic or antiholomorphic character of the distributions.
The important fact about T andT is that, when reduced to them, the LCK metric b is kaehler. In addition, the distributions V,V are integrable, and their integral manifolds are just the torus fibers T λI of the original toric fibration of the graph map. There is a natural isomorphism from T to the holomorphic tangent bundle of CP 
The first term is isomorphic to the Levi-Civita connection of a kaehler metric on CP
3
Io acting on the holomorphic tangent bundle T 1,0 [9] . However, it is isomorphic to a U p1q connection, ∇ Up1q , on the line bundle over CP
Io that is isomorphic to V , namely Op´2q. Now, in section 2.2.3, when we constructed the equivalence class |ψǵ λ | of holomorphic sections, we composed with the toric group T λI , so the toric action preserves Z µ . Thus the vertical component V µ is Killing and the horizontal component T µ has vanishing Lie derivative with respect to θ #´i Iθ # . Therefore, the third term in our expression vanishes, since
We are left with just
which looks like two connection forms on CP as the sum of two connections that are pulled back from T along the horizontal projection:
as defined preserves k, the kaehler metric on T Up1q preserves I acting in V , which as we saw in section 2.1.3 is isomorphic to Op´2q on CP Io . We will use this new representation of the Levi-Civita connection to re-write our Dirac equations into a more familiar form. We get two independent equations for negative sections and two for positive sections:
where we have used the same symbol, t, for the horizontal maps E Ñ T andĒ ÑT . Notice that, since ψ g and Ă ψ g are composed of ψ Let us define Dirac operators as follows, using the Dirac "slash" notation:
Up1e µ Let us also define the "dotted" theta connection, equivalent to "slashed". (We use dotted, because slashed is very hard to read.)
Then, the Dirac operator form of the pulled back equations is:
The pulled-back form of the equations is certainly familiar from physics. We have vector bundles over a four-dimensional Lorentzian manifold acted upon by Dirac operators associated with an SU p3q-connection. The bundles hold irreducible unitary representations of SU p3q, which thus acts as a "gauge group." We will thus identify the pulled back T bundle, containing SU p3q triplets with quarks,T with anti-quarks. The pulled back V bundle, containing SU p3q singlets, we will identify with leptons;V with anti-leptons. (All the pulled back forms are complex valued since they still take values in in the complex pulled back bundles.)
In
Because we will often be comparing our equations with physics, it is convenient to think of the symbol { ∇ k´1 2 iI 9 θ as standing for the Dirac operator of an SU p3q connection tensored with a U p1qU p1q connection. We will identify the remnant SU p3q-gauge connection as the color interaction, while the U p1qU p1q product connection ∇ Up1q b´1 2 iIθ we will call the hypercolor interaction.
All fields are Dirac-spinors. The equations couple ψ g spinors with Ă ψ g spinors. As is well-known in physics, each such equation is equivalent to two coupled equations: left-spinors, ψ 
where at any point Q µ n P A n M λ ;Q µ n PĀ n M λ . We would like to perform the same reduction on these equations that we did in the LCK case, namely, to expand them in terms of the Levi-Civita connection, and then use distributions in in A n with special properties to create independent equations that preserve the distributions. In the LCK case we used to good effect the kaehler properties of the distribution T along with the Killing properties of vector fields in the vertical distribution V . We shall find similar distributions in the LCHK case.
4.4.1.
Expanding the Weyl Connection. After working through the same steps that we did in section 4.3.1, and bearing in mind that there is no distinction in the LCHK case between the connections for positive and negative sections, we arrive at the following expanded Dirac-Higgs LCHK equations for negative and positive sections:
where i n P tī,jku andĪ n P tĪ,J,Ku and the forms take quaternion values when evaluated on vector fields.
Reducing Connections to Quaternionic Distributions.
We now want to follow the same procedure that we did in section 4.3.2, for the LCK case, this time using distributions in A n with special quaternionic properties, just as T and V had special properties in T 1,0
I . In section 3.3.2 we introduced real distributions D and S on T M λ that were tied to the holonomy of the LCHK Weyl connection.
There are some differences between D and the T of the LCK case. Most importantly, the reduction of the metric h to D is a quaternionic kaehler metric q, not a hyperkaehler metric. This means that the Levi-Civita connection preserves the whole S 2 sphere of complex structures in EndpDq, but not any one complex structure. (In physics terms, the distinction between "upness" and "downness" is not preserved, although the distinction between "doubletness" and "singleness" is. We will see later, that selecting a particular complex structure I, leads to the preservation of a particular "up" and "down" distinction.)
These distributions can be mapped to the hyperholomorphic bundles A n ,Ā n easily, by the definitions: D n :" α n pDq S n :" α n pSqD n :"ᾱ n pDqS n :"ᾱ n pSq
We can follow our LCK procedure and split
Then, after evaluating ∇ LC h on these distributions, we can write it, as we did in the LCK case, as the sum of two connections: o isomorphic to S n , which is, of course, the tautological H bundle. We have uses du for the horizontal projection to both D andD.
Based on this representation of ∇ LC h , we can rewrite the Dirac-Higgs equations in the LCHK case for positive and negative sections as:
A Comparison with Physics.
We can also compare these equations with physics, by pulling the four distinct LCHK equations back to the Lorentzian manifold pHP 1 o , gq, as we did in the LCK case. This time, the map we are pulling back along is κ n :" p1´i nĪn q˝ψǵ λ , and the resulting equations are:
n pS 0 n b J ψ g q Using the Dirac operator slash notation from the previous section,, with the following addition:
we can write the LCHK equivalent equations as:
The pulled-back form of these equations are also familiar from physics. The bundles hold irreducible representations of Spp1q, which is the gauge group. We identify the pulled-back D n bundles, containing the Spp1q iso non-trivial representations, with weak doublets of all three generations. The pulled back S n bundles, containing Spp1q iso trivial representations, we will identify with weak singlets. Thē D n andS n bundles represent anti-fermions.
The bundles D n are acted upon by the Levi-Civita connection, ∇ LC q , of the quaternionic kaehler metric q and by the quaternionic theta connection i n I n 9 θ, while the bundles S n are acted upon by the tautological H-line bundle connection, { ∇ 2 and the theta connection.
In each case, we have a Dirac operator for a gauge connection. For weak doublets the connection combines an Spp1q iso Spp1q-holonomy connection t˚∇ LC h , pulled back from D n -T HP 1 o , with the theta connection,´1 2 i nĪn θ, associated with the Spp1q gauge group of the tautological H-line bundle isomorphic with S. For weak singlets, we just have the Spp1q gauge group connection t˚∇ Spp1q tensored with the Spp1q theta connection.
To compare with physics, it is convenient to think of the symbol { ∇ 2´1 2 i nĪn 9 θ as standing for the Dirac operator of an Spp1q iso connection tensored with an Spp1qSpp1q connection. We will identify the remnant Spp1q iso -gauge connection as the weak interaction, while the Spp1qSpp1q product connection ∇ Spp1q b´1 2 i n I n θ we will call the hyperspin interaction.
These equations also couple ψ g spinors with Ă ψ g spinors.The coupling field, θ Q 0 n , θQ0
n , we will again identify with part of the the Higgs field. Later, we will show how our hyperspin and Higgs coupling match the Standard Model.
Tensor Product Bundles and Equations
Through this point in our analysis of M λ and its structures, we have treated the complex and hypercomplex structures relatively independently, although we have made use from time to time of important links between them (for example, between the choice of Swann fibration and the switch I Ñ´I). Motivated by the striking similarities between our transformed tension equations and the Dirac-Higgs equation of physics, we will now introduce a construction that combines the LCK and LCHK structures into one.
Our analysis has shown that the holonomy group SU p3q of the LCK Weyl connection ∇ w b has a role in our equations that is very similar to the role of the color interaction gauge group of the classical field equations of the Standard Model. Similarly, the holonomy group Spp1q of the LCHK Weyl connection ∇ w h has role similar to that of the weak-isospin gauge group. In physics, the combined action of color and weak-isospin is by a combined connection for a product gauge group SU p3qSpp1q acting on fields with different indices for their color and weak-isospin components. In other words, these classical fields are represented as tensors, sections of the tensor product of a color representation bundle and a weak isospin representation bundle. In fact, as we shall see in this section, these fields look exactly like sections of the tensor products T
1,0
I b C A n (three generations of fermions) and T
0,1 I
b C A n (three generations of anti-fermions). From a mathematical perspective, taking such a tensor product seems to be a little unusual, but it has the advantage of displaying the holomorphicity properties of the complex structure (which led to the harmonic map in the first place) and the quaternionic character of the hypercomplex structure in one bundle.
Tensor Product Bundles and Standard Model Fermions.
Let us closely examine the bundles we will be tensoring.
Throughout this paper, we have re-written the tension equation of our harmonic map as a Dirac equation or Dirac-Higgs equation, by tensoring $ " $ L`$R spinor bundles to the tangent bundles. We will now do that with the above tensor product tangent bundles. Our equations will then involve tensor-products of the connections we used earlier, which were themselves tensor product connections of LCK or LCHK Weyl connections with the Lorentz spin connection. The somewhat tricky part is defining the tensor triple product bundles so that the associated connections behave "properly," that is, so that the associated Dirac-Higgs equations reduce to the equations we have already derived on the double product bundles.
Let us consider our sets of negative and positive LCK Dirac Higgs equations. The connections and Dirac operators are defined on double product bundles, pT`V qb J $ and pT`V q b J $:
On the left-hand side of the equations, the SU p3q triplet field, T 0 is tensored with
g in the negative section and
g , in the positive section, as is the singlet field, V 0 . Now consider the sets of negative and positive LCHK equations. The connections and Dirac operators are defined on the double product bundles, pD n`Sn q b J $ and pD n`Sn q b J $:
We need to define triple product bundles in such a way that their Dirac-Higgs equations for sections reduce to these equations on sections of these double product product bundles. We will take tensor products over the complex numbers C i Ă H; i " aī`bj`ck.
Let us begin with the obvious products:
Our equations contain sections from all sixteen of these triple product half-spinor bundles. However, by taking a clue from physics, we can halve the number of triple product bundles we have to deal with, and cut the number of bundles down to eight.
Our equations, in both the LCK and LCHK case, couple $ L fields with $ R fields in the same vector bundle. That is,
, and so on. Since D n and S n are both one-dimensional quaternionic sub-bundles of Q n , there is a straightforward way to change the coupling of D n with D n to a coupling of D n with S n . If our equations are rewritten in this way, we only need one copy each of D n and S n in our tensor products, in order to include all the sections in our equations, since D n b J $ L will couple to S n b J $ R instead of D n b J $ R , and so on. We only need the following tensor products:
In the section 5.2.1, we will cover how to rewrite our Dirac-Higgs equations in such a manner that they couple D n to S n .
We can identify sections of these tensor product bundles with the fermion fields of physics:
R n left and right quarks
R n left and right leptons
R n left and right anti-quarks
left and right anti-leptons 5.2. Tensor Product Dirac-Higgs Equations. By assembling the following tensor product fields in these bundles, we can derive Dirac-Higgs equations for the classical fermion fields of physics that will reduce to our existing equations.
Next, we define the tensor product Dirac-Weyl operators that are associated with these tensor product bundles. First, the Dirac-Weyl operators for quarks and anti-quarks:
q qs X µ Then, the Dirac-Weyl operators leptons and anti-leptons:
q qs X µ We will also use the "dotted' theta connections that we defined earlier, which again correspond to "slashed", but are somewhat easier to read.
Let us now examine the final pulled-back Dirac-Higgs equations that result for each of these four types of tensor-product fermions, after we expand the tensor product Dirac operators into a form with the covariant operator associated with the connection written out in full:
Quarks and Leptons: 
5.2.1.
The Higgs "Field". As we discussed in the previous subsection, by only using half as many bundles, we give up immediate coupling of equations. The vectorvalued spinor fields on the right sides of the equations are not in the tensor product bundles, so they are not in our collection of fermion fields. (The basic issue is that on the right side, the D 0 I and S 0 I components of the tensor product fields would have to be switched for the product field to be in one of our product bundles.) To accomplish this, we need to digress a little to discuss the way the Higgs field enters the Standard Model.
In the physics literature, the pullbacks of S I and D I are not conceived of as subbundles of a single bundle, but rather as independent bundles, where S I is trivial. Sections of the two trivial complex one-dimensional subbundles of S I are conceived of simply as scalar complex-valued functions. Under this perspective, the only true vector bundle is the pullback of D n , and the only vector-valued field is D A simpler approach, which we will adopt here, is to define the switch operator Sw. It sends a quaternionic D n one-vector into the quaternionic S n one-vector with the same quaternionic magnitude. In terms of the local basis pS Clearly Sw´1 " Sw. , and r n " pq nd qpq ns q´1. The result is that we get new Dirac-Weyl-Higgs equations for the fermion fields: Quarks and Leptons:
Anti-quarks and Anti-leptons:
We now have pairs of coupled equations with all terms confined to the tensor product. We shall now show that this is isomorphic to the Standard Model DiracHiggs equations for quarks and leptons, with the physical hypercharge connection, Higgs field and mass matrices. The first step is to derive the Standard Model hypercharge from our tensor product of theta connections.
5.3. Derivation of Hypercharge. So far, we have derived Dirac-Higgs equations from our harmonic map tension equation that are very similar to their Standard Model equivalents, but we have only analyzed the irreducible representations of the SU p3qSpp1q part of the gauge connections. The Standard Model gauge group is SU p3qSU p2qU p1q, where U p1q defines what the physicists call hypercharge. In this section we will show how our hypercolor operator and hyperspin operator tensor together to produce the hypercharge U p1q gauge interaction. Io , that associated bundle must be Op`2q, whose hypercolor is obviously`2. So, clearly 3a "`2, a "`2{3, and thus
Clearly also Y C pT q "´2{3.
5.3.2.
Hyperspin. The hyperspin operator { ∇ 2 b 1 2 i n I n 9 θ is quaternion-valued. In order to understand its releationship to hypercharge, we need to reduce its quaternionic action on the quaternionic line bundle S n to that of a complex connection two different complex line bundles. In order to do this, we need to single out a complex structure, I. This will allow us to fiber over CP o . This will have the effect of reducing the Spp1qSpp1q hyperspin operators to complex-valued U p1qU p1q operators similar to the hypercolor:
θ, with only the different complex structures I n to differentiate it from hypercolor.
This specification of a particular I is accomplished by the tensor product. Ten-
singles out a particular i P S 2 in the onedimensional quaternionic subspaces at each point defined by S x , D x , making each subspace isomorphic to C 2 . Thus it defines one complex structure I P S 2 in the hypercomplex structure on M λ . The Spp1q iso holonomy group can be identified with SU p2q I . Under this isomorphism
Using I, we can define several additional distributions on A n andĀ n , besides the standard distributions S n ,S n , D n ,D n . We use the mappings p1´iIq, p1`iIq to map the distributions T " kerpθ`Iθq and V " xθ # , Iθ # y into holomorphic and antiholomorphic distributions:
Since T nI holomorphically maps onto T Io . The contact line bundle of this complex contact structure is then isomorphic to a one-complex dimensional subdistribution of S nI that we will call L nI . According to Salamon, for any complex structure, this contact line bundle on CP 3 I is Op`2q [27] . Thus, the complex structure, I, is determined by the tensor product with LCK bundles, but the complex contact structure on
o is determined by the rest of the hypercomplex structure, which defines D nI , S nI . Clearly,
Also, note that
Thus we can redo our LCHK reduction, this time going to the complex distributions T nI and V nI , instead of the quaternionic S n and D n . This means that the effect on the pullback equations of reducing the LCHK equation to T , that is, to T 1,0
o , is to split the quaternionic bundle S n I into two complex line bundles V nI and L nI . This is equivalent to reducing the Spp1qSpp1q gauge group of { ∇ 2 b
(Notice the analogy with reducing the U p1qSU p2q electro-weak interaction group to a U p1qU p1q group generated by the hypercharge and the third isospin component, T 3 .)
Since the Weyl connection preserves the hypercomplex structure, it also preserves this complex contact structure. The key difference, when reduced to the tangent bundle of CP 3 Io , between the LCK Weyl connection and the LCHK Weyl connection, is that the LCHK holonomy preserves the complex contact structure, whereas the LCK holonomy does not. The holonomy group differences between the LCK and LCHK cases can be seen to be the result of the different homogeneous space realizations of CP 3 as either SU p4q{U p3q or Spp2q{U p2q, with well-understood implications for homogeneous kaehler metrics. The holonomy of the hyperspin connection is intimately bound up with the complex contact structure.
The holonomy representations of the connections on T nI " D nI`LnI can be understood by considering the decomposition of the isotropy representation of Spp1qU p1q on the homogeneous complex contact space CP 3 I " Spp2q{SU p2qU p1q, with an Op`2q contact line bundle, namely:
That is, the SU p2q connection acts via the V 1 representation on D 1,0 I , while the U p1q connection is trivial (V 0 ). The SU p2q connection is trivial on V 1,0 I , while the U p1q connection acts via V 2 .
We will define the U p1q -U p1qU p1q representation of { ∇ 1 b 1 2 iI n 9 θ as the hyperspin, Y S . SinceV nI -Op´2q, for all n, and L nI -Op`2q, for all n, the effect of D b 1 2 iI n 9 θ on these line bundles is the same as D b 1 2 iI 9 θ:
θ is trivial on D nI , that means that Y S pD nI q " 0, and also Y S pD nI q " 0. The term hyperspin is chosen as a deliberate nod to the Standard Model term "third component of weak isospin," T 3 , Hyperspin is not defined the same way as T 3 , but it has exactly the opposite effect, since iI n θ H is the third component, not of weak isospin, which is the isotropy group Spp1q iso , but of the other Spp1q subgroup of Spp2q. Hyperspin is trivial on Spp1q iso doublets, but nontrivial on Spp1q iso trivial singlets.
5.3.3.
Hypercharge and a Comparison with Physics. The tensor product connection ∇ Up1q b iIθ b iI n θ, combining the hypercolor connections and the hyperspin connection, can be computed straightforwardly. In this case, the hyperspin and hypercolor quantum numbers can add together to produce a single number.
The distributions T and D nI are both in T 1,0 I M λ , and V and V nI have both been identified as isomorphic to Op´2q over CP 3 I . Similarly, we established that
pē{νq RVDnI`2 0´2 p`2,´2q`1, 0 Table 1 .
The tensor products of line bundles are easy to compute, e.g
So if we define the connection ∇ Up1q b iIθ C b iI n θ H on these product bundles, the product representations will be parameterized by 2Y :" Y C`YS , where Y is the Standard Model hypercharge. Hypercharge is thus the tensor product of the two theta connections.
Thus by employing the standard definition of electromagnetic charge Q " T´31 {2Y we get Table 5 .3.3, containing the fermion hypercharges and charges derived by our model. It is identical to the corresponding hypercharges and charges of the Standard Model for each generation.
Statement of the Hypothesis and Additional Support
At this point, let us pause and take stock. We have been examining the geometry of M λ , the moduli space of hyperholomorphic H-line bundles on the hyper-elliptic Hopf surface. Such Hopf surfaces are like "hyperelliptic quaternionic curves" and are in many ways the quaternionic analogues of elliptic curves in complex geometry. The moduli space itself is the quaternionic analogue of the Picard variety of an elliptic curve, a very important structure in the study of the properties of these curves. Thus we are studying a moduli space that should be very important for the study of four-dimensional manifolds in general, since quaternions seem to play a role in the very unusual properties of four dimensions. Now, one four-dimensional manifold is the space-time of classical field theory. So one might expect M λ to have some relevance to physics. But the results we have obtained are quite extraordinary. The two complementary aspects of the Hopf surface, its quaternionicity and its ellipticity led to quaternionic constructions, such as the LCHK structure and Swann fibration, and also to complex constructions, such as the LCK structure and SLp2, Cq spin connection. These have led us to unique holomorphic sections of the fiber bundle M λ Ñ HP One is led to suspect that there is something profoundly important to physics about M λ . We will therefore propose the following very strong hypothesis:
Hypothesis. Physics is the geometry of M λ : classical field theory is its differential geometry; quantum field theory is its algebraic geometry.
In this section 6, we shall provide some additional support for this hypothesis. First, in section 6.1, we will examine the other half of the equations that comprise the Standard Model, namely, the Yang-Mills equations solved by the curvatures of the interaction connections, which couple to currents constructed from the fermionic fields. We will find that, here too, M λ provides exact counterparts to the Standard Model. We will also show that the equation solved by the Higgs field is itself a form of Yang-Mills equation for a curvature, and this will illuminate the role of the Higgs mass parameter as another interaction coupling constant. We will find that all four coupling constants (including the Higgs mass) are derived from an unbroken coupling field consisting of the Levi-Civita connection form of the Lorentzian metric.
The remaining subsections are quite brief. Each deals with a very large topic and is meant to provide only a sketch of an argument that supports our hypothesis.
In section 6.2, we will examine some of the implications of this construction for the Lorentzian metric itself. We will find that since all constant-parameter quadratic terms have been removed, all fields are massless and the metric is conformally flat. Thus, the unbroken equations (which presumable describe a very high-temperature regime indeed!), describe a metric of the sort proposed by Penrose for the very early universe.
In section 6.3, we will revisit the Higgs field, fermion generations, and the mass matrices. We will find that the 20 components of the mass matrices, CKM matrix, and PMNS matrix, plus the four components of the Higgs field itself, are consistent with defining the orientation of E relative to D n and S n , and thus of the original choice of Lorentzian metric g, and thus spinor ψ g , complex structure I, and section ψǵ λ .
In section 6.4, we will look at quantization. As is typical in non-linear sigma models, we treat the sections ψǵ λ : HP 1 o Ñ M λ as the coordinate functions of M λ . We then construct a state space by taking symmetric (in the LCHK case, antisymmetric) local products of these coordinates. Since our maps are holomorphic, this state space is equivalent to the sheaf of holomorphic functions on M λ in the LCK case, and a somewhat more elaborate sheaf in the LCHK case. The harmonic maps act as coordinate fields, while the Z 0 and Q 0 n fields act as derivation operators on this sheaf. When we tensor together the fields, the resulting field operators obey the standard commutation and anti-commutation rules of quantum field theory. In addition, the original Dirac field on HP 6.1. Curvature Equations and Currents. So far, we have taken the Weyl connections on M λ as fixed and asked how their configuration governed the harmonic sections ψǵ λ . In the terminology of physics, we have assumed an external force field. The Standard Model, however, has the interaction connection and the fermion fields coupled together. Just as the fermion fields solve the connection-defined DiracHiggs equations, so the connections (their curvatures, actually) solve the Yang-Mills equations which couple them to "currents" constructed from the fermion fields. Physicists say that the fermion fields generate the gauge (curvature) fields, just as the gauge (connection) fields reciprocally control the fermion field's behavior.
We can interpret the tension equation as describing how the distribution E looks in terms of structures on M λ . The Yang-Mills approach is the opposite: to describe how the structures on M λ look in terms of the distribution E. The Yang-Mills equations have the general form
where tr g is the same trace operator that we encountered in the tension equation, F ∇ is the curvature of the connection ∇, jpψ f q is the lie-algebra-valued current associated with the fermion field ψ f , and c ∇ is the "coupling constant" associated with the "interaction" ∇. Since ∇ o , we have to use the lifted cometric g˚on the distribution E in order to perform the trace, as before. Since the lifted (sub)metric g is (sub)kaehler on E, we know that
where F 1∇ is the pullback to E of the curvature tensor F , and we take a Ricci-style trace, except that the result is a Lie Algebra-valued function, instead of a scalarvalued two-tensor. (Kobayashi discusses F 1 pg˚q, which he calls the mean curvature tensor, and the Ricci tensor in depth in [15] , and shows their equivalence on kaehler manifolds. Besse [4] discusses exchanging tr g and ∇ for kaehler metrics.)
The connections we defined in previous sections were pulled back to E from connections on M λ that were themselves lifted (after our reduction process) from various standard vector bundle connections on the kaehler manifold CP and the line bundles Op´2q, Op`2q. In what follows, we shall use the symbol, ∇, for any one of the many connections on these bundles that we defined in previous sections and pulled back to E and to HP 1 o . We know from Opferman and Papadopoulos [21] , that in the homogeneous case the curvature form and symmetric curvature tensors of these homogeneous connections take on a very simple form:
where Y i are the generators of the lie algebra of the isotropy group of the homogeneous connection (which is the holonomy group), and dx m is a co-frame of forms onCP 3 I . After combining our expressions from above, and writing the g-trace on E explicitly, we get:
is the Levi-Civita connection for g, and we know that on symmetric spaces ∇pF ∇ q " 0. We will be looking at tensor products of vector fields with parallel spinors, of course, so we will have to evaluate that expression carefully. The expression on the right is a lie-algebra-valued symmetric 2 form, so the trace of the comparable form for the curvature of our connections on M λ , e.g., ∇ w b , tensored with the Lorentz spin connection, ∇ sp g , includes a hermitian inner product, x, y, on spinors:
g y where, as always, ψ L g is a parallel spinor, left in this case. Continuing:
g y where we have use the properties of Jordan multiplication to move X µ to the spinor side. Moreover, by the definition of the Levi-Civita connection acting on the frame fields X µ , we have: . We will call a X , the unbroken coupling field. It corresponds to the coupling constants g, g 2 , g 1 of the Standard Model, which at high energy would then converge to a single value. In this theory, the coupling field is derived from the gravitational connection on the distribution E. If the pp-wave gravitational metric, g, has a non-zero minimum-energy solution, as the Higgs field has, then at "low" temperatures, the coupling field could freeze out as a coupling constant. This observation would seem to reinforce the notion that our Dirac-Higgs equations describe a hightemperature regime.
Writing our currents in a more compact form, here are a few representative samples:
where rY i s, rY j s are the generators of the SU p3q, Spp1q groups, and we have only shown the coordinate representation of the currents. The hypercharge currents are the sum of hypercolor and hyperspin currents, each of whose lie algebra is generated by i.
Clearly the quaternionic Higgs field as we have defined it, θ The dimensionless mass coupling constant of the Higgs interaction 1 2 pm h {vq 2 is clearly the parameter that corresponds to g, g 1 , g 2 in the other curvature equations. In our theory, it too is our coupling field a X .
This examination of curvature and currents has shown that the M λ equations are essentially identical to the Yang-Mills equations for gauge fields (curvatures) with interacting with currents and a coupling field. We also suggest that the Higgs coupling to currents is also such a Yang-Mills equation. Our strong hypothesis seems to be well supported.
6.2. Einstein Equations. We defined our Lortentzian metric g as supporting parallel spinors. This implies that it is a pp-wave or Brinkmann metric. In addition, by requiring that the complex structure on the twistor space be integrable, we are implying that g is conformally flat. Conformally flat, pp-wave metrics are known to provide exact solutions to the Einstein gravitational equations, but they are socalled null dust solutions, meaning that they describe a universe with only massless fields and gravity.
At first this may seem like an unreasonable assumption to make about the universe, but in the case of our equations, it makes sense. Our coupled equations are completely massless. All the mass and coupling Lagrangian parameters (the ones that break conformal symmetry) have been replaced by scalar fields. So the equations do describe a conformally flat universe filled with massless fields and gravity.
Penrose suggested that such conformally flat metric might describe the early universe just after the Big Bang [25] . We suggest that our unbroken equations, with non-minimum coupling and Higgs fields, describes a very high-temperature conditions, and that at lower temperatures, the Higgs and coupling fields freeze out to their minimal energy values, and the observed universe takes on its familiar form. One could also say that these equations describe a very high-energy situation in general. When we discuss quantization, in section 6.4, we will revisit some of these issue.
Our harmonic maps solve a minimization problem that includes both g and the M λ metrics, so that minimization problem must be equivalent to one including our version of the fully unbroken classical Standard Model along with the ppwave gravitational metric. Thus the Eells-Lemaire stress-energy two-tensor of the harmonic map [10] is
where e ψ is the energy density of the map, and ψg λ is the pullback of the LCK or LCHK metric. Since we know that the Einstein equation works for pp-wave metrics, the traceless Ricci tensor (or Einstein tensor) must be proportional to S ψ , with the proportionality constant G, namely the gravitational constant. Since the Einstein tensor includes g, this suggests that
is GS ψ in the Einstein equations. (We have used the shorthand tr g pψg λ bq for ||dψǵ λ || 2 bg , because it shows more clearly the relationship of the energy density to g and b. And we have neglected h in this discussion, but it is there also in the complete expression.)
Thus, in this model G " e´1 ψ that is, the gravitational constant is just the inverse of the local energy density the harmonic map that defines our particular universe. Obviously, this value may vary very slowly, so it may appear constant, but in this theory can vary.
The hypothesis still holds up pretty well, although in its classical unbroken form it seems to describe only the hot, very early universe or very high-energy interactions.
6.3. Higgs Fields, Generations, and Mass Matrices. When we left the Higgs, field in section 5.2.1, it had the form
where at any point
where q nd , q ns are the quaternionic magnitudes of the fields D 0 n , S 0 n . Neglecting Sw, whose form is fixed by the frame, as described in 5.2.1, and for the moment also the complex Higgs field θpZ 0 q, the quaternionic Higgs field and the r n field each have twelve real parameters (three quaternionic parameters each).
It is plausible that the twelve r n parameters are related to the twelve real mass values in the diagonal mass matrices of the Standard Model. Each generation has four mass matrix values: m ν , m e , m u , m d , which would then represent a single quaternion. In the Standard Model these values are fixed, in this model, they constitute a field that specifies at any point the quaternionic orientation of the E distribution in AM λ . The Standard Model 3 x3 real mass matrices for each particle type would then be combined into a single 3 x3 quaternionic matrix.
In the Standard model, the other twelve real values associated with the Higgs field, are (a) two complex numbers specifying the Higgs doublet, (b) four real values for the CKM matrix, and (c) four real values for the PMNS matrix. We hypothesize that these three values are each quaternionic, and are represented in this model by θpQ 0 n q, the quaternionic Higgs field. In other words, in this model, the Higgs field is tri-quaternionic and includes the CKM and PMNS values.
The complex Higgs field, θpZ 0 q, measures the complex magnitude of the V 0 field, in other words, the leptonic component. Presumably, it enters the picture by inducing the split between the CKM (quark) matrix and the PMNS (lepton) matrix.
In the Standard Model, the Higgs field has all four degrees of freedom at high temperatures, but freezes to single fixed value at a transition temperature. On the other hand, in the Standard Model, the mass, CKM, and PMNS matrices are fixed. Presumably, if this model is correct, then either the parameters are very slowly changing and reflect the local orientation of E, or else they have frozen out at some even higher temperature. There is thus a parallel between our treatment of the quaternionic Higgs field, the coupling field, and the gravitational constant.
6.4. Algebraic Geometry of M λ and Quantum Field Theory. Since M λ , is a manifold, it is a pair, pM λ , Sq, where M λ is the underlying topological space and S is the structure sheaf of functions over open sets of M λ . Basically, the structure sheaf is generated by the coordinate functions of the manifold, so for complex manifolds, say, the holomorphic coordinate functions generate the structure sheaf, O M λ , of holomorphic functions on M λ . The great insight of algebraic geometry is that the geometric properties of the manifold M λ can be derived from the algebraic properties of its structure sheaf. We will now begin to apply this insight to our model, finding very quickly that the result is to "quantize" our classical field theory.
The idea that the quantum version of a classical geometry is based on the set of functions on the manifold, instead of maps into the manifold, is by now fairly common. Berger's monumental tome from 2003 [3] , for example, analyzes Riemannian manifolds from two viewpoints: as quantum mechanical worlds, via spectral geometry, and as dynamical systems, meaning classical worlds, via geodesics. Witten, in his influential paper on Morse theory [38] , pointed to the close similarity between the ideas of quantum field theory and the properties of Morse functions on manifolds. And of course the theory of geometric quantization uses the sections of a line bundle over the symplectic manifold of classical states to quantize Hamiltonian mechanics. We will be focussing specifically on the structure sheaves of functions of M λ that define its complex structure and hypercomplex structure.
We will find that the germs of functions in these sheaves represent quantum states, and that our classical fields naturally act as operators on these germs in the precise fashion that Standard Model field operators act on the states of the associated quantum field theory. We will also find that the most important operator on quantum states, the interaction propagator (also called the "time-evolution operator of the interacting field theory" [26] ), is induced by a natural holomorphic flow on M λ defined by our classical equations. By contrast to some previous theories, our model does not require the construction of state spaces over infinite dimensional manifolds of classical solutions. Instead, we will only use sheaves over the finite-dimensional manifold M λ . 6.4.1. Complex Structure Sheaf on M λ . Since M λ is a complex manifold, it is also a complex analytic space, with structure sheaf of holomorphic functions, O M λ . These functions are generated by the holomorphic coordinate functions z i : M λ Ñ C. At each point p of M λ the stalk O p of the sheaf is comprised of the germs of holomorphic functions at p.
Since O M λ is a commutative ring, the individual stalks are also commutative rings, thus germs can be multiplied by each other and added together. Since the coordinate functions themselves are elements of the sheaf (linear functions), germs of the coordinate functions act as operators on stalks by germ multiplication, which is symmetric in this case. In fact, the entire stalk, O p , is generated by the germs of the coordinate functions at p, through symmetric multiplication and addition.
As is also a hypercomplex manifold, but there has been very little written on the appropriate structure sheaf to use for a hypercomplex manifold. Verbitsky [35] , following a suggestion by Simpson and Deligne [30] , defined a hypercomplex variety, M , as a variety having a sheaf of complex differentials, Ω 1 pO M q with three separate complex structures and thus a natural SU p2q action on the sheaf.
We will take a leaf from Widdows' [37] , and define the structure sheaf of a hypercomplex manifold by reference to the three bundles of complex differentials we used earlier, 5.3.2. 
For every classical state there is a stalk pO b Aq p of germs, and all the germs in the stalk are "quantum states" that are associated with that classical state. Note that quantum states at different points can be related to each other by taking global section of the sheaf. However, as is well known, the problem of finding global sections of a sheaf over a manifold is usually non-trivial and always intimately related to the geometry of the manifold.
Let us define the germs of the constant sheaf
as the "vacuum state" on each stalk, pO b C Aq p .
"Multi-particle states", are then constructed from the vacuum by the "creation operators" z i b q j n . For example the z i b q j n C are "one particle states." This process can continue until the entire pO b Aq p stalk is generated by repeated multiplications and additions and scalar multiplications. Similarly, operations by vectors, the "annihilation operators", subtract one particle from the state. For example
Depending on which pair of creation operators is chosen, we can obviously create all our particle types: quark and anti-quark doublets and singlets, lepton and anti-lepton doublets and singlets, of all generations.
On stalks pO b Aq p , of the sheaf, these two operator types satisfy the (symmetric or anti-symmetric ) quantum commutation relations: (Since our product creation/annihilation operators tensor a symmetric operator with an anti-symmetric operator, their overall behavior is anti-symmetric, so they obey Fermi-Dirac statistics. By contrast, the SU p3q, Spp1q, U p1q connection forms only operate on one of the sheaves, either O M λ , for SU p3q and U p1q YC , or A M λ , for Spp1q and U p1q YS . Thus, since an operator is the product of a vector space and its dual, the connection forms are symmetric b Ci symmetric or anti-symmetric b Ci antisymmetric, and the product is alway symmetric. So connection forms (interactions) obey Bose-Einstein statistics.)
Now we introduce our maps ψǵ λ : they associate points, x, in the space-time manifold, HP The basic process in a quantum field theory experiment is that a set of states (the "initial states") is associated with a position x on the space-time manifold. Then the Lagrangian density of the Standard Model is used to construct an operator on states called the time evolution operator (sometimes called the "propagator of the interacting fields"), that sends the initial states into a different set of states, the "final states," that are now associated with another location in space-time, which is causally connected to the first position. The final step requires us to have an inner product on the states at each point, so that the final states at point two can be compared with a set of test states at that point. The scalar results are called "expectation values." The propagator is required to preserve the inner product. (Notice that even if the points are not causally connected, there may be non-zero expectation values. Classically, of course, non-causally connected points cannot influence each other.)
As we have defined quantum states in our sheaf, the propagator associates a curve in space-time from px, e In order to generate causal curves that preserve the optical structure on HP Under the differential of all elements of the class |ψǵ λ |, N g maps to a vector field in every leaf of E, and thus to a vector field on M λ . This vector field holomorphic and integrable on M λ . It therefore integrates to a holomorphic flow on M λ , that is, one that preserves I, and thus the sheaf O M λ . Thus, each Lorentzian metric g on HP
1
o with a parallel spinor field is associated with a holomorphic flow on M λ generated by dψǵ λ pN g q|, @ψǵ λ P |ψǵ λ |. This holomorphic flow is an element of the set of all automorphisms of M λ .
We know that these automorphisms can be regularly represented on the sheaf sections OpU q over open sets U containing both ψ λ pxq and ψ λ pyq. But such global sections may be hard to find. This is where quantum field theory comes in handy. The classical hamiltonian can be used to define the flow on the distribution E, using sub-pseudoriemannian theory. This classical hamilton is expressed in terms of the various fields we have defined. When we replace the fields with field operators on the sheaf, as we have defined them, we automatically get a representation of the flow as a sheaf homomorphism, without reference to global sections. This representation is the quantum field time evolution operator or propagator.
The classical propagator operates within one leaf of the distribution E. Let us call that one "classical parallel universe". However, since the sheaf is defined on open sets of M λ , germs of the sheaf, and hence quantum states touch an infinite number of parallel classical universes. Thus, the quantum field propagator, which sends germs to germs will affect more than just one leaf of a distribution. This is why in quantum field theory there can be non-causal influences, for example. 6.4.5. Expectation Values and Comments on QFT. The final step of a quantum field theory experiment is to calculate expectation values, that is inner products between final states and some test states, perhaps the vacuum state. These expectation values are the actual predictions of the theory. This step requires us to define an inner product on states. Previous efforts to geometrize quantum field theory have found this step difficult, because it usually requires the use of global sections and some kind of L 2 metric, based on an M λ measure. Such a metric can indeed be defined, but in this theory it is unnecessary, since we only use germs for states. As a result, we can make do with an l 2 inner product on the stalks, which is easy for germs of holomorphic functions.
As a final comment on quantum field theory: our examination has shown that the algebraic geometry of M λ , based on the structure sheaf O M λ bA M λ is plausibly the quantum field theory equivalent of the differential geometry of M λ embodied in our classical field equations. Specifically, the different choices of g on the differential side define automorphisms of M λ which, on the algebraic side, are represented by homomorphisms of the structure sheaf .
Conclusions and Subjects for Future Work
The very strong hypothesis that we asserted in section 6, seems to be remarkably well supported. M λ seems to define a multiverse, with each choice of Brinkmann metric g, and associated parallel spinors defining a new class of closely related maps |ψǵ λ |, that together define an equivalence class of parallel classical universes with the same physical parameters. A different g will bring a different class of parallel universes with different physical parameters. Presumably, each value of λ defines a different multiverse, with λ affecting some physical parameter, perhaps the minimal energy values for the Higgs and coupling fields. The quantum field theory seems to be defining representations of M λ -automorphisms on a specific structure sheaf for M λ , which is therefore defined over an entire equivalence class of parallel classical universes. There is a very long-lasting intellectual tradition in Western philosophy that holds that pure geometry underlies nature, that mathematics is more than just a useful tool for understanding the world, that, somehow, the universe is mathematical. Kepler and Copernicus and Ptolemy, despite their differences, agreed that planetary orbits must be conic sections of some sort, not just irregular paths. They represented a tradition in physics, going back through Plato, to Parmenides, and ultimately to Pythagoras, that we can learn about about the universe itself just by examining geometric structures through contemplation.
In the last few hundred years we have gone very far in another, Copernican direction. We have learned that the earths orbit is not a perfect conic section; and that neither the earth, nor the sun, nor the galaxy, have mathematically interesting locations in the universe. This tradition holds that we humans are the important things in the universe, and that many of the universe's properties exist simply because without them we would not exist to observe them. This "anthropic" perspective sees the Pythagorean alternative as mystical hogwash, and believe that the only way we can get reliable information about a universe with many, possibly infinitely many, arbitrary parameters is to experiment and observe.
If the hypothesis we have advanced is true, both traditions will derive some support. On the Copernican side, the mass matrices and other constants will specify the orientation of E relative to S n and D n . So some, maybe even most, of the properties of our particular observed universe will be defined by the selection of the original Brinkmann metric g.
But for the Pythagorean side, we note that the multiverse itself, M λ , the "quaternionic Picard variety of the quaternionic elliptic curve", seems to be very central to the geometry of four dimensions, which as we now know to be "a dimension like no other" [28] . And while the selection of an E orientation, and thus a particular universe, is arbitrary, the overall geometry of M λ is very specific, and we can learn a lot about our particular universe simply by studying M λ .
